Abstract -In this paper, a supply disruption management model is introduced in a three-tier supply chain with multiple suppliers and retailers, where the system may face sudden disruption in its raw material supply. At first, we formulated a mathematical model for ideal conditions and then reformulated it to revise the supply, production and delivery plan after the occurrence of a disruption, for a future period, to recover from the disruption. Here, the objective is to minimize the total cost during the recovery time window while being subject to supply, capacity, demand, and delivery constraints. We have also proposed an efficient heuristic to solve the model and the results have been compared, with another established solution approach, for a good number of randomly generated test problems. The comparison showed the consistent performance of our developed heuristic. This paper also presents some numerical examples to explain the usefulness of the proposed approach.
I. INTRODUCTION
In the modern business era, supply chains are an important part of many businesses. A standard supply chain network consists of suppliers, manufacturers and retailers. Suppliers supply raw materials to manufacturers and after processing in a manufacturing plant, final products are delivered to retailers according to their demand. In reality, a supply chain can face many uncontrollable problems, such as production and supply disruption [1] . Without a proper response to those problems, a supply chain system can be imbalanced, and an organization can consequently face huge financial loss, as well as loss of goodwill.
Over the last half a century, supply chains have become one of the most popular research topics in operations research and computer science. A few examples of such research under ideal conditions, include: a single product, single warehouse and multiple retailers based distribution supply chain system [2] , single manufacturer and single retailer supply chain model with demand and manufacturing cost as fuzzy variables [3] , a single period and two-stage supply chain coordination problem [4] and a three-stage supply chain consisting of single supplier, manufacturer and retailer which produces a combination of perfect and imperfect quality items [5] . Recently, Pal et al. [6] developed an inventory model for multiple items produced by a manufacturer and considered multiple suppliers and multiple retailers with deterministic demand.
The above researches, along with many others, were carried out under ideal conditions. But in real life situations, a supply chain network can face a sudden disruption in any of its entities (node) and routes (arc). Any disruption may involve production capacity loss, raw material loss, product loss, delayed delivery, customer desatisfaction, higher product cost, loss of customers and reputation damage in the wider community. So an appropriate recovery plan from a disruption can improve a situation. In the literature, a few studies have been found which proposed a recovery plan after the occurrence of a disruption. Xia et al. [7] formulated a nonlinear programming model for managing disruption in a production and inventory control system. Hishamuddin et al. [8] extended the model of Xia et al. [7] for managing production disruption in a single-stage production inventory system that considered both back order and lost sales options. Recently, this back order and lost sales concept was also applied to manage transportation [9] and supply [10] disruption in a two-stage supply chain, which consists of a single supplier and a single retailer. This concept was further extended to develop a real time disruption management model, for managing both a single and multiple production disruptions in a single-stage [11] and two-stage [12] production inventory system. A few other studies considered supply disruption while developing a supply chain model, for examples, Parlar and Perry [13] developed inventory models that considered supplier availability with deterministic product demand. A production-inventory model that considered back orders under random supply disruptions was developed in [14] and was modelled as a Markov chain. Over the last few years, a few other supply chain disruption management models have been developed in [15] - [18] .
From the literature review, it is clear that most research developed supply chain models under ideal conditions. Although a few of them considered production and supply disruption while developing recovery models, most of them considered single supplier and single retailer, which limits the applicability of such studies. To overcome this limitation, this paper develops a quantitative model to recover from a supply disruption, for a three-tier supply chain with multiple suppliers and multiple retailers. To do that, we have formulated a new mathematical model and proposed a heuristic approach, which considers both back orders and lost sales options, to obtain the optimal recovery plan after the occurrence of any supply disruption.
II. PROBLEM DESCRIPTION
This paper considers a three-tier supply chain network with multiple raw material suppliers, a single manufacturer, and multiple retailers. We assume that each supplier supplies one type of raw material. That means the number of suppliers is equal to the number of different types of raw materials required in the production process. The products are produced in batches in a single manufacturing plant. After production, the products are delivered to the retailers according to their demand. In an ideal plan, the optimal supply, production and delivery quantities are ‫ݍ‬ , ܳ and ܳ respectively, which is shown as a solid line in Fig. 1 . However, the system may face a sudden supply disruption at any time. To manage the system efficiently, it is necessary to generate a recovery plan after the occurrence of a disruption. In Fig. 1 , after the supply disruption, a recovery plan is proposed to revise the supply (ܺ ), production (ܻ ) and delivery (ܼ ) quantities during the recovery time window, which is shown as a dashed line. The objective is to minimize the total cost during the recovery time window subject to supply, production capacity, demand, and delivery constraints. A supply disruption can be defined as any form of interruption in the raw material supply that may be caused due to delay, unavailability, or any other form of disturbance. The recovery/revised plan is a new schedule that includes the revised supply, production and delivery quantities in each cycle, for future periods, while ensuring the minimization of the total cost in the recovery time window. The number of future cycles allocated to return to the original schedule from the disrupted cycle, defines the recovery time window, and is decided by the management of the organization. As we assume that the production rate is higher than the demand rate, there is an idle timeslot between any two consecutive production cycles. If the raw material supply is interrupted for a time period, known as disruption duration, the utilization of the idle timeslots, in future production cycles, may help to recover from the disruption. However, it may involve costly backorder and/or lost sales due to a long disruption duration and delayed production and delivery.
A. Notations used in the Study
The following notations are used in this study. 
B. Assumptions of the Study
We have made the following assumptions: i. The production rate is greater than the demand rate. ii. A single type of item is produced in the system. iii. The number of suppliers depends on the number of raw material types. Each supplier supplies one type of raw material. iv. The recovery plan is started just after the ending point of a disruption.
III. MODEL FORMULATION
In this section, we develop a mathematical model, that considers supply disruption. First, we derive the equations for economic lot sizes ‫ݍ(‬ , ܳ and ܳ ) under ideal conditions, and then the relevant cost functions after the occurrence of a disruption. Finally, we formulate the disruption recovery problem as a constrained optimization problem that minimizes the total cost during the recovery time window, subject to supply, production capacity, demand, and delivery constraints. In this case, the decision variables are the supply, production and delivery quantities in each cycle during the recovery time window.
A. Formulation for the Ideal Plan
The economic lot sizes ‫ݍ(‬ , ܳ and ܳ ), under ideal conditions, are derived in this section. The optimal ideal plan is obtained to minimize the total annual holding, ordering and set-up cost. Annual raw material holding cost ൌ 
Total cost,
Now, to minimize the total cost,
After simplifying, the optimal ideal plan is obtained from (8) - (10).
B. Formulation for the Recovery Plan
In this section, we derive the recovery cost function that covers only the duration of the recovery time window. The costs involved, are the holding, set-up, ordering, back order, and lost sales. Back order is the portion of an order that cannot be delivered at the scheduled time, but that will be delivered at a later date when available, and back order cost is determined as the unit back order cost multiplied by back order units and it's time delay [11] . When there is demand, but the item is out of stock and the customer will not wait for the stock to be replenished, lost sales cost exists. Lost sales cost is determined as unit lost sales cost multiplied by lost sales units [12] .
B.1 Different Costs in the Recovery Plan
Raw material holding cost 
Retailer holding cost ൌ σ σ
Retailer ordering cost ൌ ‫ܭ‬ σ ܵ ଷ ୀଵ
Retailer back order cost ൌ ‫ܤ‬ σ σ
B.2 Final Mathematical Model
The total cost function, which is the objective function, is obtained by adding all the costs presented in (11) are ‫ܭ‬ cycles in the recovery plan, so the total idle time during the revised plan is ‫ܶܭ‬ ௗ . The quantity to be produced during the idle time is ‫ܶܭܲ‬ ௗ . Now, quantity loss during the disruption duration is ܶ ௗ ܲ The system will thus be able to recover by using only back order options, if the quantity to be produced during the idle time is greater than the quantity loss during the disruption duration. 
IV. SOLUTION APPROACH
In this section, a heuristic is developed to solve the developed model. For experimentation, we have generated the test problems by using a uniformly random distribution. To judge the quality of the heuristic solutions, the model is also solved by applying a pattern search technique, which is a standard search algorithm for solving constrained optimization problems [12] . Both the heuristic and the pattern search technique were coded in MATLAB R2012a, and were executed on an Intel core i7 processor with 8.00 GB RAM and a 3.40 GHz CPU.
A. Proposed Heuristic
Step 1: Input all information about the ideal system.
Step 2: Determine ܳ, ‫ݍ‬ and ܳ for the optimal ideal plan by using (8) - (10) and also determine production time, cycle time and idle time.
Step 3: Input disruption information, such as: disrupted raw material, disruption duration and recovery period.
Step 4:
Step 5:
Step 6:
Step 7: Determine the lost sales and back order quantities.
Step 8: Determine the different costs and record the results.
Step 9: Stop.
V. RESULTS ANALYSIS
In this section, the results for both the ideal and recovery plans are discussed. For experimentation upon the disruption problem, we have generated and solved 90 random test problems. The results from both the heuristic and the pattern search are compared below.
A. Ideal Plan
The 
B. Disruption Recovery Plan
In this section, the results for managing supply disruption are analyzed. Although we have experimented on 90 random disruption test problems, for illustrative purpose, three sample instances are presented in Table I . The results to recover from the disruption is presented in Table II , which shows back order, lost sales, and total cost in the recovery plan, along with computational time. 
C. Result Comparison
To judge the quality of the solutions obtained from our proposed heuristic, the solutions of 90 test problems (as indicated earlier) were compared with the same obtained from the pattern search. The comparison showed that our proposed heuristic is capable of producing high quality solutions with little computational time, as presented in Table III . In terms of the quality of the solutions, the average deviation of results between the two approaches is only 0.0000029%, which can be considered as negligible. 
D. Effect of Disruption Duration
There is a significant effect of disruption duration on the back order, lost sales and total cost, which is presented in Fig. 2 . In this analysis, only the disruption duration is changed and the remaining parameters are kept fixed as given in Section V. The total cost increases with the disruption duration, because of the introduction of back orders and lost sales in the system. After the disruption duration = 0.016, the total cost increases with a larger rate, because of the commencement of lost sales costs. The lost sales cost increases linearly after the disruption duration of 0.016 and before that the revised plan uses only the back order option. The back order cost also increases with the disruption duration, but the increment rate becomes lower after introducing the lost sales in the revised plan. 
VI. CONCLUSIONS
The main objective of this study, was to develop a recovery plan after the occurrence of a raw material supply disruption in a three-tier supply chain network, with multiple numbers of suppliers and retailers. A new mathematical and heuristic approach was developed to propose the optimal revised supply, production and distribution plan, during the recovery window, to minimize the effect of any disruption. The proposed heuristic results were compared with the results from a pattern search technique for a good number of randomly generated disruption test problems, and that showed the consistent performance of our proposed heuristic with little computational time. The proposed model offers a potentially very useful quantitative study to help decision makers to make prompt and accurate decisions with the optimal revised plan, whenever a sudden raw material supply disruption occurs in a supply chain system. 
